Tuberculosis (TB) disease burden is determined by both Background: infection and progression rate to disease. Progression rate varies by immune status, with prior infection in high burdened settings significantly reducing the progression to disease from subsequent reinfections and completion of successful treatment associated with increased risk of subsequent TB disease. Novel studies of TB vaccines are now underway targeting high risk individuals who have completed successful combination TB chemotherapy for active TB.
Introduction
Tuberculosis (TB) transmission results from air exchange between infective sources and susceptible individuals within enabling environments. Enabling environments are frequently poorly ventilated congregate settings, such as households, public transport, schools, and work places, resulting in high effective contact rate between infectious and susceptible individuals 1, 2 .
Effective contact number is determined by the effective contact rate and the mean period of infectiousness of source cases. Progression from TB infection to disease depends on the interaction between the immunological state of the host and the virulence of the pathogen strain 3 . TB disease may arise either early or late following a new infection and also from reinfection of previously infected cases. Substantial epidemiological evidence suggests that reinfection is among the factors hampering successful TB control 4, 5 and is a major contributor to active disease in both high and low TB burden settings 6 . Individuals treated with combination chemotherapy for active disease have high rates of re-treatment, due to both reactivation and reinfection, and contribute 30% of total TB notifications in high burdened settings 7 . Treated TB cases therefore constitute an attractive target for vaccine studies because of a high new TB event frequency and ease of identification. Two recent studies of TB vaccines are currently exploring a novel strategy of vaccination in individuals who have had successfully treated active TB 8, 9 . However, the biological mechanisms for high rates of re-treatment and the immune status following successful treatment remain unclear.
This paper describes a mathematical model that incorporates susceptible, newly infected, reinfected, active TB and treated individuals to study the population impact of effective contact rate and post-treatment immune status on TB epidemiology. An infectious individual with varying effective contact rate (ranging from 5 to 30 y r -1 ) was introduced among 100, 000 fully susceptible individuals and we observed the number of individuals in all five states at stability point of a TB epidemic. This range of effective contact rate was selected because β = 5−10 y r -1 is related to TB transmission in the United Kingdom in 1900 − 1950 4 , β = 15 y r -1 is related to TB transmission in schools in South Africa 2 , and β = 30 y r -1 is related to TB transmission in prisons in South Africa 10 . Here, we explore the population impact of effective contact rate by comparing the number of newly infected and that of reinfected individuals at stability point of a TB epidemic, with increasing effective contact rate. The study was divided into three parts and simulated the model numerically when all treated individuals move to: (i) susceptible (ii) newly infected or (iii) reinfected state, and we observed the number of individuals in all five states. We explore the population impact of posttreatment immune status by comparing the number of active TB cases when all treated individuals move to either a susceptible, newly infected or reinfected state with increasing effective contact rate. This is an important study population as the incidence of TB can be higher in people recently cured of the disease. We compute the basic reproduction number and eigenvalues from the model when treated individuals move to all three states of susceptible, newly infected and reinfected to examine the stability of the disease free equilibrium.
Methods

Model design and development
The model consists of five states of susceptible individuals (S) who are not yet infected, but at a high risk of acquiring TB infection or disease if exposed to an infectious individual(s); newly infected individuals (L 1 ) who have been infected once in their lifetime with Mycobacterium tuberculosis (MTB) and if exposed, they move to either reinfected or active TB state through exogenous reinfection, depending on the host immune response and virulence of the pathogen strain; reinfected individuals (L 2 ) who have been infected multiple times with MTB of either the same or different strains and remain latently infected or move to active TB state through endogenous reactivation; active TB individuals (I) who are infectious and can transmit TB; treated or recovered individuals (T) who were previously infectious and were cured by chemotherapy, though some are still on treatment. Note that the difference between newly infected and reinfected individuals is that newly infected individuals are latently infected who have been infected once in lifetime with MTB and they can develop active disease through either exogenous reinfection or endogenous reactivation, while reinfected individuals are latently infected individuals who are multiply infected with MTB of either the same or different virulent strains and they can only develop active disease through endogenous reactivation or remain latently reinfected, depending on the virulence of the pathogen strain and immune response of the host.
The design and development of the model was based on an actual population in Cape Town, South Africa 11 , where many already infected individuals are repeatedly exposed to different infectious sources and become reinfected, and start treatment after acquiring TB disease 11 .
Furthermore, since natural MTB infection and chemotherapy induce an immune response that reduces TB susceptibility
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, we take into consideration the fact that treated individuals move to either a newly infected or reinfected state if they maintain immunological memory after successful treatment, and if they become susceptible due to waning of the immune response, they move to a susceptible state. This is because the average duration for the waning of induced immune response by MTB and chemotherapy is not well understood. However, if treatment fails or is not completed, they can move back to active disease and become infectious. As it has been reported that TB disease incidence in TB treated individuals is several-fold higher than in latently infected 13 , we explored post-treatment cases returning to either the susceptible, newly infected or reinfected immunological state. This approach makes our model unique and different from the prior studies, which apply infection force for treated individuals moving to latent TB states without considering immunological memory of the host. In order to explore the population impact of effective contact rate and post treatment immune status on TB epidemiology in high TB burden settings, such as Cape Town, the model includes human immunodeficiency virus (HIV) infection, but it does not incorporate: (i) age stratification or (ii) multi-drug resistant TB (MDR-TB).
Model description and assumptions
In the development of the model, we assume that the population consists of fully susceptible individuals, hence, the number of births or recruitment individuals become susceptibles at a rate π y r -1 . When susceptible individuals become infected with MTB, a proportion p in this group develop active TB very fast and it's complement proportion 1−p, which constitute the majority become latently infected and move to a newly infected state depending on the virulent strains of the pathogen and host immunological factors. Newly infected individuals are at a high risk of developing active disease through either endogenous reactivation or exogenous reinfection. Here, we take into consideration that one group of newly infected individuals develop active TB slowly through endogenous reactivation at a rate c y r -1 , and a fraction q of the second group of newly infected individuals develop active TB very fast after infection through exogenous reinfection, while a remaining fraction 1-q of this group move to a reinfected state. Reinfected individuals develop active TB through endogenous reactivation either fast or slowly at a rate y y r -1 , depending on the immunological state of the host and the virulent strains of the infecting pathogen. Individuals with active TB receive medical treatment and move to a treated state at a rate k, while some die of active TB at a rate µ t y r -1 . Treated and successfully cured individuals may become susceptible and move to a susceptible state at a rate r or retain immunological memory and move to either a newly infected at a rate g or a reinfected state at a rate z y r -1 , without exposure to the force of infection 14 . This is because latently infected and treated individuals acquire an immune response that reduces TB susceptibility though it may wane and individuals become susceptible. As mentioned earlier, we only implement treatment for active TB cases because in the real world, many TB patients only start treatment after active disease development. However, if TB cases are not well treated, treatment fails or chemotherapy is incomplete, they incubate the infection and relapse back to active TB at a rate α y r -1 . As stated earlier. it has been noted that latently infected individuals acquire immunity that reduces TB susceptibility 5, 15 , though they can be (re)infected and develop active disease if they become frequently exposed to infectious individuals in confined spaces. Thus, ω(0 < ω < 1) is the preventive factor due to prior natural MTB infection, which partially prevents latently infected individuals from TB susceptibility 5 . In each of the five states, there is a natural mortality rate µ y r -1 as demonstrated in Figure 1 .
From the model (Figure 1 ), we developed a mathematical model as follows:
where
which is the force of infection, β is the effective contact rate, , I N θ = β is the prevalence, I is the number of infectious individuals and N is the total number of individuals in the population. Other parameters are described in Table 1 . Table 1 . Table 1 . Description of parameters used in Figure 1 . The values of parameters used in this study were estimated from published literature. We also computed and estimated other values by matching infection and incidence data in South Africa.
Parameter Description
Values Reference 
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Computed values: In the design of the model (Figure 1 ), we take into consideration that treated or recovered individuals may become either susceptible or immune, depending on the host immunological status. Thus, successful treatment to either g, r or z = 1 -treatment failure (α).
Disease free equilibrium is defined as the point at which there is no existence of the disease in the population. By computing S, L 1 , L 2 , I and T at disease free equilibrium (i.e., L 1 = L 2 = I = T = 0) and assuming that birth rate is equal to death rate, we obtain the disease free equilibrium point as
. This implies that at disease free equilibrium, the total number of individuals in the population is equal to that of susceptible individuals, such that N = S. However, during an epidemic of active disease at any time, t, we have N (t) = S (t) +L 1(t) +L 2(t) +I (t) +T (t) , implying that the population is comprised of all five states and disease free equilibrium might be unstable. The model is epidemiologically balanced. From the mathematical model (Equation 1), we compute the basic reproduction number to determine the stability of the disease free equilibrium as discussed below.
Basic reproduction number
Basic reproduction number (R o ) is the average number of secondary cases generated by a single case connected with the fully susceptible population 16, 20, 21 . We use the next generation method to determine the basic reproduction number, which is an important figure in the epidemiology of infectious diseases. It is among the most frequently estimated quantities to predict the outbreak of infectious diseases, and its value provides information for designing control interventions for the infectious disease burden 16, 21 . R o thus plays an important role in the analysis of infectious disease models, such as TB 17 . If R o < 1, the disease free equilibrium is asymptotically stable, and it is unstable if R o > 1 16,20,21 .
The next generation method is used extensively to compute the basic reproduction number, though numerous other methods are discussed in the literature 21 . It generates a next generation matrix, and the basic reproduction number is the spectral radius of this matrix. The next generation matrix is defined as a matrix that relates the numbers of newly infected individuals in the various states in consecutive generations 21 . The dominant eigenvalue in a next generation matrix is referred to as the basic reproduction number. The next generation matrix (M) is defined mathematically as
and the basic reproduction number is the dominant eigenvalue of
S L L I T are the transmission and transition matrices (n × n matrix) at disease free equilibrium, respectively. These are defined mathematically as , , ) and ( , , , , ) for 1, ,
where x o is the disease free equilibrium, f i is the rate of appearance of the new infection in classes, v i is the transfer of the infection from one class to another and n is the number of infective classes.
However, prior to the formation of the next generation matrix, we generate the transmission (f) and transition (v) subsystems from Equation (1). We then linearise subsystems f and v by applying the Jacobian (J c ) and
, which are n × n transmission and transition matrices, respectively. The transmission subsystem is an infected subsystem that describes the production of newly infected individuals and changes in the states of existing infected individuals. The transition subsystem is the transfer of the infection from one class to another. On the other hand, the transmission matrix describes the production of new infections, and the transition matrix describes changes of infected states, such as the immunity acquisition or removal by death 21 . Considering Equation (1), the Jacobian method that is used to linearise subsystems f and v is described mathematically as 1 2
Hence, from Equation (1), we form the transmission, f and transition, v subsystems as
In Figure 1 , there are three infected states, which are L 1 , L 2 and I, giving a 3×3 matrix. Hence, we form the transmission matrix, F(S, L 1 , L 2 , I, T) by using Jacobian (see Equation (2)) in f for L 1 , L 2 and I as 
, , ,
Substituting S, L 1 , L 2 , I and T at disease free equilibrium point 1 2 ( , , , , ) (3), we obtain the transmission matrix at disease free equilibrium, F 1 2 ( , , , , )
By applying the Jacobian with respect to L 1 , L 2 and I in v above, we obtain the transition matrix,
Substituting disease free equilibrium point into Equation (5), we obtain the transition matrix at disease free equilibrium, V
( , , , , )
Since the transition matrix consists of many variables, to be consistent we used a computational tool (Sage version 8.0; http:// www.sagemath.org/) to compute the inverse. Hence the inverse of Equation (6), V
We obtain the next generation matrix, which is the product of
, , , , ) , , , , ) 0 0 0
Thus, the basic reproduction number, which is defined as the dominant eigenvalue in the next generation matrix, was obtained from Equation (8) as
The computed basic reproduction number has a positive real part, implying that it might be greater than 1. We further examined the stability of the disease free equilibrium by computing eigenvalues as discussed below.
Stability analysis of the disease free equilibrium
Since the basic reproduction number computed in this study has a positive real part, it is likely to be greater than 1, implying that TB transmission is increasing, regardless of the implementation of medical treatment 16, 20, 21 . Here, we explore the stability of the disease free equilibrium by computing eigenvalues in Equation (1) . Disease free equilibrium is stable if all eigenvalues have negative real parts, and unstable if any of the eigenvalues is positive 20 . Hence, applying the Jacobian in Equation (1), gives 
where ( )
The characteristic equation of the model at disease free equilibrium is expressed as
where J 0 is the Jacobian matrix (from the model) at disease free equilibrium, λ is the eigenvalue and I is the identity matrix.
Substituting disease free equilibrium point 1 2 ( , , , , )
S L L I T = (N, 0, 0, 0, 0) into Equation (9), minus the product of eigenvalue and identity matrix diagonally, we obtain the model matrix at disease free equilibrium as follows:
From Equation (10), we form the characteristic equation,
Simplifying the characteristic equation further, gives
From the simplified characteristic equation, we form the following four equations:
Using Equation (11) to Equation (14), we can determine the eigenvalues that predict the stability of the disease free equilibrium. As mentioned earlier, disease free equilibrium is stable if all eigenvalues have negative real parts, and unstable if any of the eigenvalues is positive. Additionally, if one of the eigenvalues is zero then we cannot tell from stability analysis whether the disease free equilibrium is stable or unstable. Thus, considering Equation (11) to Equation (14), the eigenvalues are: Here, we noted that λ 1 and λ 3 have negative real parts, and λ 2 has a positive real part if pβ > (k + µ + µ t ). For stability of the disease free equilibrium, we assume that λ 4,5 have negative real parts (i.e., λ 4 < 0 and λ 5 < 0). Disease free equilibrium is stable if pβ < (k + µ + µ t ) and unstable if pβ > (k + µ + µ t ), where pβ is the effective contact rate for susceptible individuals moving directly to active disease. On the other hand, disease free equilibrium is stable if the effective contact rate for susceptible individuals moving directly to active disease is less than the summation of case detection, natural death and disease death rates. Otherwise disease free equilibrium is unstable.
Results from numerical analysis
Using data estimated from published literature, varying effective contact rate (ranging from β = 5 to β = 30 y r -1 ) and computed or estimated values by matching infection and incidence data in South Africa (Table 1) , we simulated Equation (1) numerically to explore the population impact of effective contact rate and post treatment immune status on TB epidemiology. As mentioned earlier, the study was divided into three parts where we simulated the model when all treated individuals move to: (i) susceptible (i.e., z = g = 0, r = 0.99 y r -1 ) (ii) reinfected (i.e., r = g = 0, z = 0.99 y r -1 ) or (iii) newly infected state (i.e., r = z = 0, g = 0.99 y r -1 ). In the model simulation, we used the initial assumption that S = 100, 000, L 1 = L 2 = T = 0 and I = 1, implying that an infectious individual was introduced among 100, 000 fully susceptible individuals. The epidemic was observed for 700 years when β = 5 y r -1 and 200 years when β ≥ 10 y r -1 so that the TB epidemic stability point could be attained.
Here, we observed the number of individuals in all five states at stability point of a TB epidemic with increasing effective contact rate, and compared the number of newly infected and that of reinfected individuals. We also compared the number of active TB cases schematically when all treated individuals move to a susceptible, newly infected or reinfected state at stability point of a TB epidemic. We found that the number of newly infected cases increases when β = 5 to β = 10 y r -1 , then decreases with increasing effective contact rate, while that of reinfected individuals increases in all values of effective contact rate (Figure 2, Figure 4 and Figure 5 ), implying that a large number of active TB cases might be contributed by repeatedly exposed individuals. The number of active TB individuals was increasing with increasing effective contact rate, but lower than that of newly infected and reinfected individuals. Of all five states, the number of treated individuals was noted to be the lowest, probably because treated individuals become either susceptible and move to a susceptible state or retain immunological memory and move to either a newly infected or reinfected state. We noted that as the effective contact rate increases, the number of susceptible individuals decreases dramatically with a steep slope until a stability point is attained, implying that effective contact rate is an important factor, which determines the likelihood of TB infection and disease in the community. Table 2 , Table 3 and Table 4 Observing the number of active TB cases when treated individuals move to a susceptible, newly infected or reinfected state, we noted the highest number of active TB cases when all treated individuals move to a susceptible state ( Table 2, Table 3 and Table 4 ). We went on to compare the number of active TB cases schematically when treated individuals move to a susceptible, newly infected or reinfected state and found that when all treated individuals become susceptible, the number of active TB cases becomes higher than moving to either a newly infected or reinfected state (Figure 6 ), perhaps because individuals moving to a newly infected or reinfected state have more protection due to immunological memory retention than susceptible individuals.
We separated and compared the number of active TB cases due to new infection (new active cases) and reactivation (reactivation cases) when treated individuals move to a susceptible, newly infected and reinfected state with increasing effective contact rate. We noted that new active cases are very dependent on the effective contact rate and highest when treated individuals move to a susceptible state, while reactivation cases plateau when β > 10 y r -1 (Figure 3 ).
The time taken for a TB epidemic to reach the peak and stability points was noted to decrease with increasing effective contact rate in all cases, implying that effective contact rate is directly correlated with the force of infection. Here, we show that the number of active TB cases in the community is contributed by both newly infected and reinfected individuals after developing active disease. However, since the number of reinfected individuals becomes higher than that of newly infected individuals at stability point of a TB epidemic (if β ≥ 20 y r -1 ), TB prevalence might be driven by reinfection force. (Table 2-Table 4 ). The number of active TB becomes higher when all treated individuals become susceptible than moving to either a newly infected or reinfected state. (Table 2) . Susceptible (S), newly infected (L 1 ) and reinfected (L 2 ) are located on the left side of y-axis, while active TB (I) and treated (T ) are located on the right side of y-axis. (Table 3) . Susceptible (S), newly infected (L 1 ) and reinfected (L 2 ) are located on the left side of y-axis, while active TB (I) and treated (T) are located on the right side of y-axis.
Discussion
Using a mathematical model developed in this study, we investigated the impact of effective contact rate and post-treatment immune status on TB epidemiology. A caveat is that this is a simple model assuming a homogeneous population without age stratification and HIV. However, the model has important findings: Susceptible (S), newly infected (L 1 ), reinfected (L 2 ), active TB (I), and treated (T) individuals are all affected in a non-linear relationship with effective contact rate. While it is intuitive that the number of susceptible individuals declines with increasing effective contact rate, the other states are more complex. When β < 20 then L 1 > L 2 if T move to either S or L 1 , and when β ≥ 20 then L 2 > L 1 . Treatment and active TB rates are also non-linear, if effective contact rate decreases from 30 to 25 y r -1 then the decline in TB cases is 5/100, 000, but a reduction of 10 to 5 y r -1 produces a decline of 177(range, 173−180)/100, 000.
This saturation effect resulting from high effective contact rate may explain the difficulty in TB control in very high burdened settings, such as mines and prisons.
This may also explain the empiric finding that TB notification rates are relatively insensitive to moderate improvements in case finding in high burden settings. E.g. the Zamstar study and the World Health Organization observation of very little data on the impact of enhanced case finding in high burdened settings 22 . This is also compatible with the modelling of TB transmission in South African prisons 10 . At high effective contact rate (i.e., β ≥ 20), there is a high proportion of cases from L 2 rather than L 1 . This is compatible with the observation that 20 − 25% of TB cases are re-treatment cases in high TB burden settings, such as Cape Town. Post-treatment immunological boosting from susceptible status (S) to latently infected status (L 2 ) could decrease population TB by 17% at lower effective contact rate but only 7% at high effective contact rate. Post-treatment vaccination impact would therefore be reduced in very high transmission settings. This finding is of considerable importance for post TB vaccine study design, requiring a balance between high event frequency and reduced vaccination effect.
The early peak values in TB rates demonstrate that there may be temporary peaks followed by apparent decline in notifications when TB disease is introduced into a new susceptible population, as seen in studies of the Alaskan Inuit population 23 . The time course of TB epidemiology is long, and the status of the post-treatment state is something that prior models have ignored. Loss of protective immunity in newly infected individuals following treatment (or prophylaxis which is a form of treatment) could have major negative epidemiological consequences.
The findings in this study suggest that TB prevalence is driven by reinfection force, particularly in high TB burden settings, such as Cape Town. Although prior natural MTB infection induces a partial immune protection, which reduces TB susceptibility 12 , the number of reinfected individuals continues to increase dramatically. The source of reinfection strains is not clearly understood, but the increasing number of reinfected individuals might be accelerated by the force of infection due to high effective contact rate and duration of exposure in congregate areas in particular. In conclusion, enhancing post-treatment immune status by vaccination may significantly augment medical treatment. However, an increased focus on diminishing the effective contact rate will require greater focus on environmental interventions.
Data availability
All the data sources used in the analysis are referenced in Table 1 . The strengths of the manuscript by Issarow include that the article is clearly written, the large et al. majority of the mathematical results appear to be correct to me and the work does build upon previous research. Unfortunately, the main weakness is that the compartmental structure of the model fundamentally does not answer the question that has been posed.
The main reason for this is that transition from T to one of either S, L1 or L2 does not only capture a change to the relative immunity status of a person who has completed treatment, but also affects their infection status. That is, S, L1 and L2 also have different rates of endogenous reactivation to I (zero for S), as well as different rates of (re-)infection (zero for L2) and different proportions that progress to active disease immediately on infection. Therefore, the authors are really exploring the idea that treated individuals become fully susceptible and clear their infection (transition to S), behave as for once infected persons (transition to L1) or behave as for multiply infected persons (transition to L2 and remain immune from further infection) -in all respects. Perhaps it may be possible to argue that this is an exploration that is of interest and has a sound basis in epidemiology, but it is not the argument that the authors make and not the question they are seeking to answer. Also, it is unclear which of the multiple epidemiological differences differences between S, L1 and L2 is driving the observations. Further, the reason for persons spending one year in the T compartment is unclear. If T is intended to represent persons under treatment (which is not what the authors argue) then this might be reasonable. However, in this case, the sojourn time in T should probably be six months, the alpha parameter should better represent relapse rates (and so be greater than 1% for Cape Town). Therefore, it is unclear what this state represents, other than that patients are fully immune from reinfection during their stay in T and are waiting to transition to a new susceptibility state.
The result for the basic reproductive number is doubtless correct and the method used to obtain it is well accepted. However, the formula can be calculated much more easily by simply taking the product of the number of infections per unit time in I (beta), the duration of time in I (1 / (k + mut + mu)) and the proportion of infections reaching I (which requires a small amount of algebra only). Similarly, stability analysis for the disease free equilibrium seems correct (although the calculations are a little beyond my mathematical ability), but there is no reason to doubt that the disease-free equilibrium would be stable. mathematical ability), but there is no reason to doubt that the disease-free equilibrium would be stable. (Finding a second equilibrium at R0=1 and hence a backward bifurcation might perhaps be of more interest -however, as omega remains < 1 throughout the calculations, I do not believe such a phenomenon would be present.) I have suggested reject as a decision for this manuscript, but am on the borderline between reject and major revision. I have also read the other reviewer's comments, which would also strengthen the paper and note her suggestion for a major revision. Therefore, I would be happy to review another version of the manuscript if the editors feel this is appropriate.
MINOR COMMENTS
Value of k for case detection is set at 0.68/year, but rationale is not described. Presumably this is the 2014 CDR estimate for South Africa. However, CDR is a proportion, so it cannot be simply incorporated into the model as a rate. In the Methods it is stated that susceptible individuals have never been previously infected and L1 compartment individuals have only been infected once -however, this is only true if g=r=0, which is only the case in one configuration that is explored. Therefore these statements are misleading. Prefer high-burden to high-burdened Space between y and r-1 is unclear, should be just yr-1 Definitions of the transmission and transition matrices are unclear and seem incorrect. Prefer lower limit of vertical axis of Figure 3 to be zero. The novelty of the model is the way in which the latent infection compartment is slip into L1 and L2. The primary infection compartment (L1) consists of individuals who have been infected from a susceptible TB-free state (S) and were able to contain the infection in a latent state. These individuals are subject to reactivation and progression to active disease at a rate 0.0026 per year, and to reinfection at a rate 0.21 times the force of infection, where 0.21 accounts for reduced susceptibility due to prior infection. The reinfection compartment (L2) consists of those individuals who have been reinfected from L1 and were again able to contain the infection in a latent state. These individuals are now subject to reactivation and progression to active disease at an increased rate 0.0053 per year, but are no longer susceptible to subsequent reinfections. The model also provides the option for individuals who had active TB disease to return to S, L1 or L2 upon successful treatment. This seems sensible to me and so do the results, although I have not seen TB transmission models formulated in exactly this way before.
After defining the model, the authors proceed to calculating the basic reproduction number R0, the threshold parameter which determines whether the disease-free equilibrium is stable (R0<1) or unstable to perturbations that will take the system to an endemic state. This is followed by a section dedicated to the stability analysis of the disease-free equilibrium (R0>1). My first reaction to this was to say that this section is redundant given that R0 has already been calculated. Closer inspection, however, shows contradiction between the two sections. While the R0 section implies that the disease-free state loses stability when beta*(mu*p+c)/(mu+c)>(k+mu+muI), the stability analysis section concludes that this happens when p*beta>(k+mu+muI). I have not verified the calculations in full, but this cross check shows that there must be an error somewhere needing to be corrected. I think the authors will want to verify their calculation.
Minor comments:
In the abstract and other parts in the text, the authors refer to the 5 host states as "immunological states". I don't think that immunity is always the factor that differentiates the states. For example, the difference between "active TB" and "treated TB" is not whether individuals are immune or not, but rather whether they are under treatment or not. This can be fixed by simply using the denomination "host states".
In page 3, 3rd paragraph, I got stuck where it reads "because of a high 'new' TB event frequency". Consider saying just "because of a high TB event frequency".
In the last sentence of the same page, the authors say that "the model includes HIV infection". I don't think it does! At the end of page 5, there is a period "M. Where" where should be a comma "M, where".
